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a b s t r a c t
In this paper, we establish a sharp condition of global existence for the solution of two-
components Bose–Einstein Condensates. This condition is related to the ground state
solution of some steady-state two-coupled nonlinear Schrödinger equations.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Since its realization in dilute bosonic atomic gases [1–3], Bose–Einstein condensates (BEC) has been produced and studied
extensively in laboratory, and has afforded an intriguing glimpse into the macroscopic quantum world [4]. Attention has
recently broadened to include exploration of quantized vortex states and their dynamics associatedwith superfluidity [5–7],
and of systems of two ormore condensates [8]. In particular, experimental advances in exploration of systems of uniting two
or more condensates (e.g. in a magnetic trap in rubidium [9]) and subsequently in an optimal trap in sodium, have spurred
great excitement in the atomic physics community and renewed interest in studying the property of two-component
BEC [10–12].
The properties of a BEC at temperatures T very much smaller than the critical temperature Tc [4], are usually described
by the nonlinear Schrödinger equation (NLSE) for the macroscopic wave function known as coupled Gross–Pitaevskii
equations [10,13],{
iψ1t = −∆ψ1 + (x21 + x22)ψ1 − (v11|ψ1|2 + v12|ψ2|2)ψ1 in R2 × R+,
iψ2t = −∆ψ2 + (x21 + x22)ψ2 − (v12|ψ1|2 + v22|ψ2|2)ψ2 in R2 × R+, (1.1)
ψ1(x, 0) = ψ10 (x), ψ2(x, 0) = ψ20 (x). (1.2)
Where ψ1(x, t) : R2 × R+ → C , ψ2(x, t) : R2 × R+ → C ,∆ is the Laplace operator on R2, ψ10 (x), ψ20 (x) is the initial data.
vii > 0, i = 1, 2 are positive constants, v12 are coupling constants. The system (1.1) arises in the Hartree–Fock theory for
a double condensate, i.e. a binary mixture of Bose–Einstein condensates in two different hyperfine states |1〉 and |2〉 [14].
Physically, the solution ψ j denotes the corresponding macroscopic wave function of the jth (j = 1, 2) component. vii and
v12 are the intraspecies and interspecies scattering lengths. The sign of the scattering length v12 determines whether the
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interactions of states |1〉 and |2〉 are repulsive or attractive.When v12 < 0, the interactions are repulsive [13]; when v12 > 0,
they are attractive. For atoms of the single state |i〉, when vii > 0, the interactions of the single state |i〉 are attractive.
For two-component BEC, Bao [10] presented a continuous normalized gradient flowwith backward Euler finite difference
discretization to compute ground state and a time-splitting sine-pseudospectral methods to compute dynamics; Chang
et al. [15,16] proposed Gauss-Seidel-typemethods for studying bound state and segregated nodal domains; Lin andWei [11,
12] analyzed the existence of ground states and spike solutions; Lin and Zhang [17] studied the semiclassical limits of two-
mixture of BEC; Garcia-Ripoll and Perez-Garcia [18] studied the stability and dynamics of quantized vortices; Riboli and
Modugno [19] and Jezek [20] classified different spatial patterns of the ground states; Chui et al. [21] studied quantum
phase separation dynamics, the effect of trap displacements and symmetric-asymmetric transition.




= ∆ψj + νj|ψj|p−1ψj +
∑
i6=j
βij|ψi| p+12 |ψj| p−32 ψj, x ∈ Rn, t > 0, j = 1, . . . ,N ,
ψj(x, 0) = ψ0j(x), x ∈ Rn, j = 1, . . . ,N,
where 1 ≤ p < 1+ 4/(n− 2)+. But this coupled nonlinear Schrödinger system is not concerned with the potential terms.
In this paper, we consider the sharp condition of global existence for solution of (1.1) and (1.2). In particular, we are
concerned with the relations between the global existence of the Cauchy problem of (1.1) and (1.2) and the ground state,
which is the positive solution of the steady-state two-coupled nonlinear Schrödinger equations given by
∆u1 − u1 + (v11|u1|2 + v12|u2|2)u1 = 0, in R2,
∆u2 − u2 + (v12|u1|2 + v22|u2|2)u2 = 0, in R2,
u1, u2 > 0, in R2,
ui(x)→ 0, i = 1, 2, as |x| → ∞.
(1.3)
For the existence of ground state solution for two-coupled nonlinear Schrödinger equation (1.3), Lin and Wei [12],
discussed the existences of the ground state solution to further general N-coupled nonlinear Schrödinger equations than
(1.3) as follows:
∆uj − λjuj + νj|uj|3 +
∑
i6=j
βiju2i uj = 0, in Rn,
uj > 0 in Rn, j = 1, . . . ,N ,
uj(x)→ 0, as |x| → +∞.
(1.4)
We organize the paper as follows: In Section 2, we give some preliminaries and lemmas. In Section 3, we prove the sharp
condition of global existence for the solution of (1.1) and (1.2).
2. Notation and preliminaries
We define a space H by
H := H1(R2) ∩ {ψ : |x|ψ ∈ L2(R2)}




∇ψ · ∇φ¯ + ψφ¯ + |x|2ψφ¯,





(|∇ψ1|2 + |∇ψ2|2)+ |x|2(|ψ1|2 + |ψ1|2)− 1
2
(v11|ψ1|4 + v22|ψ2|4)− v12|ψ1|2|ψ2|2. (2.1)
According to the Sobolev embedding theorem, the functional H is well defined. Furthermore, we have the following two
conservation laws.
Proposition 2.1. Let ψ10 , ψ
2
0 ∈ H. Then there exists a solution ψ1, ψ2 of the Cauchy problem (1.1) and (1.2) in C([0, T ],H) for
some T ∈ (0,∞], and T = +∞ or T < +∞ and limt→T ‖ψ1‖2H + ‖ψ2‖2H = ∞. Furthermore ψ1(x, t), ψ2(x, t) satisfies
N (ψ1, ψ2) :=
∫
R2
|ψ1(x, t)|2 + |ψ2(x, t)|2 ≡ C1, (2.2)
H(ψ1, ψ2) ≡ C2, (2.3)
where C1, C2 are constants.
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By a direct computation, we have
Proposition 2.2. Let Let ψ10 , ψ
2
0 ∈ H, and ψ1, ψ2 be a solution of the Cauchy problem (1.1) and (1.2) in C([0, T ],H). Put
Ji(t) :=
∫
R2 |x|2|ψ i|2, i = 1, 2, and J(t) = J1(t)+ J2(t). Then one has
J ′(t) = −4I
∫
R2
∇ψ¯1 · (ψ1x)+∇ψ¯2 · (ψ2x) (2.4)
J ′′(t) = 8H(ψ1, ψ2)− 16J(t). (2.5)
Proof. By a direct computation, we have
J ′1(t) = −4I
∫
∇ψ¯1 · (ψ1x), (2.6)
and

























∇ψ1 · (ψ¯1t x) = 2R
∫
R2




∇ψ¯1 · (−∆ψ1x)− 2R
∫
R2












































1x · ∇ψ1 + v12ψ¯2x · ∇ψ2)|ψ1|2.
Hence
J ′′1 (t) = 8
∫
R2




1x · ∇ψ1 + v12ψ¯2x · ∇ψ2)|ψ1|2. (2.7)
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In the same way, we can get
J ′2(t) = −4I
∫
R2
∇ψ¯2 · (ψ2x). (2.8)
J ′′2 (t) = 8
∫
R2













|ψ1|2(v11|ψ1|2 + v12|ψ2|2)+ |ψ2|2(v12|ψ1|2 + v22|ψ2|2). (2.10)
Hence, (2.4) and (2.5) follows from (2.6)–(2.10) and Proposition 2.1. The proof is completed. 
3. The sharp condition for global existence
First, we recall the existence theorem of a ground state solution by Lin and Wei in [12] (See Corollary 2 on page 633).
Lemma 3.1 ([12]). Let vii > 0, i = 1, 2, then
1. for v12 < 0, the ground state solution of system (1.3) does not exist,
2. for 0 < v12 <
√




0, i = 1, 2 must be positive, radially
symmetric and strictly decreasing.
Moreover, by using the same method as in [23], we can prove following lemma.
Lemma 3.2. Let vij > 0, i, j = 1, 2, and v11v22 > v212, system (1.3) has a ground state solution u10, u20, then 12
∫
R2(|u10|2+ |u20|2)








v11|ψ1|4 + v22|ψ2|4 + 2v12|ψ1|2|ψ2|2
) , ψ1, ψ2 ∈ H. (3.1)
Proof. If we set ψ i,λ,µ(x) = µψ i(λx), i = 1, 2, then
H(ψ1,λ,µ, ψ2,λ,µ) = H(ψ1, ψ2).
Since H(ψ1, ψ2) ≥ 0, there exists a minimizing sequence ψ1ν , ψ2ν ∈ H1(R2) ∩ L4(R2), i.e. a = infH(ψ1, ψ2) =
limν→∞H(ψ1ν , ψ2ν ) <∞. By symmetrization, we can take 0 < ψ1ν = ψ1ν (|x|), 0 < ψ2ν = ψ2ν (|x|).
Choosing λν =
(∫
R2 |ψ1ν |2+|ψ2ν |2
)1/2
(∫
R2 |∇ψ1ν |2+|∇ψ2ν |2
)1/2 , µν = 1(∫
R2 |∇ψ1ν |2+|∇ψ2ν |2
)1/2 , we obtain sequences φ1ν = ψ1,λν ,µν (x), φ2ν =
ψ2,λν ,µν (x)with the following properties:
1. φiν ≥ 0, φiν = φiν(|x|), i = 1, 2,
2. φiν ∈ H1(R2),
3.
∫
R2 |φ1ν |2 + |φ2ν |2 = 1 and
∫
R2 |∇φ1ν |2 + |∇φ2ν |2 = 1,
4. H(φ1ν , φ
2
ν )→ a, as ν →∞.
Since the sequence ψ iν is bounded in H
1(R2), some subsequence has a weak H1(R2) limit φi,∗. Since φiν are radial and
uniformly bounded in H1(R2), it follows from the compactness lemmas that we can take φiν strongly convergent to φ
i,∗
in L4(R2). By weak convergence,
∫
R2 |φ1,∗ν |2 + |φ2,∗ν |2 ≤ 1 and
∫
R2 |∇φ1,∗ν |2 + |∇φ2,∗ν |2 ≤ 1. Hence,
a ≤ H(ψ1,∗, ψ2,∗) ≤ 1∫
R2
(












(|φ1,∗|2 + |φ2,∗|2) = 1,
and therefore
∫
R2(|∇φ1,∗|2 + |∇φ2,∗|2) =
∫
R2(|φ1,∗|2 + |φ2,∗|2) = 1.
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H(φ1,∗ + εη1, φ2,∗ + εη2) = 0,
for all η1, η2 ∈ C∞0 (R2).
From the fact that
∫
R2(|∇φ1,∗|2 + |∇φ2,∗|2) =
∫
R2(|φ1,∗|2 + |φ2,∗|2) = 1, we have{
∆φ1,∗ − φ1,∗ + 2av11(φ1,∗)3 + 2av12(φ2,∗)2φ1,∗ = 0,
∆φ2,∗ − φ2,∗ + 2av12(φ1,∗)2φ2,∗ + 2av22(φ2,∗)3 = 0.
Let φi,∗ = (2a)−1/2ui0, i = 1, 2. Then u10, u20 satisfies system (1.3) and a = 12
∫
R2(|u10|2 + |u20|2). This completes the proof of
Lemma 3.2. 
Remark 3.3. By Lemma 3.2, we get∫
R2
(
v11|u10|4 + v22|u20|4 + 2v12|u10|2|u20|2
) = 2 ∫
R2




v11|ψ1|4 + v22|ψ2|4 + 2v12|ψ1|2|ψ2|2
) ≤ 2 ∫R2(|∇ψ1|2 + |∇ψ2|2) ∫R2(|ψ1|2 + |ψ2|2)∫
R2(|u10|2 + |u20|2)
. (3.3)
In the proof of the main result, the following inequality will be used.
Lemma 3.4. Let ψ1, ψ2 ∈ H, then we have∫
R2




























From the above identities and Hölder’s inequality, we get∫
R2













Next we give a lemma about the blow up of solutions of (1.1).




|x|2(|ψ10 |2 + |ψ20 |2) ≥ H(ψ10 , ψ20 )
J ′(0) = −4I
∫
R2
∇ψ¯10 · (ψ10 x)+∇ψ¯20 · (ψ20 x) ≤ 0.
Then the solution for the Cauchy problem (1.1) and (1.2) blows up in finite time.
Proof. We prove lemma by two different cases.
Case 1.H(ψ10 , ψ
2
0 ) ≥ 0. From Proposition 2.2, we have
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For t ∈ [0, pi4 ), if J(0) ≥ H(ψ10 , ψ20 ) ≥ 0 and J ′(0) = 4r cos θ ≤ 0, we have θ ∈ [pi2 , pi). By (3.5) and (3.6),
we claim that there exists T ∈ [pi8 , pi4 ), such that limt→T− J(t) = 0. By Lemma 3.4 and Proposition 2.1, we get that
limt→T−
∫
R2(|∇ψ1|2 + |∇ψ2|2) = +∞. This shows that ψ1(x, t) and ψ2(x, t) blow up in finite time.
Case 2.H(ψ10 , ψ
2
0 ) < 0. From Proposition 2.2, we get
J ′′(t) ≤ 8H(ψ10 , ψ20 ).
By an analytical identity
J(t) = J(0)+ J ′(0)t +
∫ t
0
J ′′(s)(t − s)ds
≤ J(0)+ J ′(0)t + 4H(ψ10 , ψ20 )t2.
SinceH(ψ10 , ψ
2
0 ) < 0, J(0) =
∫
R2 |x|2(|ψ10 |2 + |ψ20 |2) ≥ 0 and J ′(0) ≤ 0, it implies that there exists a 0 < T < +∞ such
that limt→T− J(t) = 0. By Lemma 3.4 and Proposition 2.1, we get that limt→T−
∫
R2(|∇ψ1|2 + |∇ψ2|2) = +∞. This shows
that ψ1(x, t) and ψ2(x, t) blow up in finite time. This completes the proof of lemma. 
With the lemmas above, we can give a sharp condition of global existence of (1.1) and (1.2).
Theorem 3.6. Let vij > 0, i, j = 1, 2, and v11v22 > v212. Let u10, u20 be radially symmetric solutions of the Eq. (1.3). If ψ10 , ψ20 ∈ H
and
∫
R2(|ψ10 |2 + |ψ20 |2) <
∫
R2(|u10|2 + |u20|2), then the corresponding solution ψ1(x, t), ψ1(x, t) of (1.1) exists globally in
time. At the same time, for arbitrary positive λ and complex c satisfying |c| ≥ 1, if we take initial data ψ10 , ψ20 ∈ H and
ψ1(x, 0) = cλu10(λx), ψ2(x, 0) = cλu20(λx), then
∫
R2(|ψ10 |2 + |ψ20 |2) ≥
∫
R2(|u10|2 + |u20|2), and the corresponding solution
ψ1(x, t), ψ1(x, t) of (1.1) blows up in finite time.
Proof. Letψ1(x, t), ψ2(x, t) ∈ C([0, T ),H) be a solution of the Cauchy problem (1.1) and (1.2), where [0, T ) is themaximal











|x|2(|ψ1|2 + |ψ2|2) ≤ H(ψ10 , ψ20 ).
From
∫
R2(|ψ10 |2+|ψ20 |2) <
∫





bounded for t ∈ [0, T ) and for T < +∞. By Proposition 2.1, it yields that ψ1(x, t), ψ2(x, t) globally exists in t ∈ [0,+∞).
Now we take initial data such that ψ1(x, 0) = cλu10(λx), ψ2(x, 0) = cλu20(λx), with arbitrary positive λ and complex c
satisfying |c| ≥ 1. Then∫
R2
(|ψ1(x, 0)|2 + |ψ2(x, 0)|2) = |c|2
∫
R2









1− |c|2) |c|2λ2 ∫
R2
(|∇u10|2 + |∇u20|2)+ J(0) ≤ J(0),
and
J ′(0) = −4I
∫
R2
(∇ψ¯10 · (ψ10 x)+∇ψ¯20 · (ψ20 x)) = −4|c|2I
∫
R2
(∇u¯10 · (u10x)+∇u¯20 · (u20x)) ≤ 0.
Thus Lemma 3.5 yields that ψ1(x, t), ψ1(x, t) blows up in finite time. This completes the proof of Theorem 3.6. 
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